lar pile under the action of gravity, where the contacts between adjacent particles last for infinite time.
When the particles constituting the medium are extremely small, the deformation can be described by a suitable average over a Representative Volume Element (RVE). In this framework, the material is said to yield locally, whenever the shear stress is high [5] . However, as the particle size increases, the corresponding size of the necessary RVE also increases, and such continuum methods become inaccurate [6] . At the level of an individual particle or small clusters of particles, plastic flow initiation is linked to the density of collective structures. Examples of these are Shear Transformation Zones (STZs) [7, 8] , localized fluidization spots [9] and deformation/ crushing of the individual particles [5] .
Apart from obvious interest to problems in soil mechanics, the flow of dense granular materials is central to tablet processing in the pharmaceutical sector [10] and powder deformation processing of metals and ceramics [11] . Dense granular materials have also served as a model for studying shear banding instabilities [12, 7, 8, 13, 14, 15] in amorphous metals (Bulk Metallic Glasses or BMGs). In all of these applications, the key problem is that of predicting deformation and flow patterns under a specified kinematic configuration. Besides enabling improved understanding of energy dissipation and losses during flow, such quantitative information will also help in developing methods to control the level of homogeneity of the resulting material microstructure.
The focus of the present study is on characterizing dense flow in the mesoscopic regime, where the constituent particles are large -about 1/25 th a typical macroscopic problem length -in contrast to a material such as sand, where the flow can be well approximated as a continuum. For this purpose, we use the model experimental system of punch indentation, with corresponding 1 : 1 numerical simulations. The selection of this system is motivated by the varied flow features observed in punch indentation with metals as well as sand [5, 16, 17, 18, 19, 20] . The system captures many features common to deformation and powder processing. A flat-ended rectangular punch is used to penetrate the surface of the material, under macroscopic planestrain conditions. Microscopically, however, each grain can move in all three dimensions. The flow is characterized at high-resolution using in situ imaging and particle tracking techniques. In order to concentrate solely on the role of structural rearrangements, the effects of particle deformation and polydispersity are suppressed by the use of nearly rigid monodisperse spherical grains.
Our results indicate that the observed flow patterns are qualitatively unchanged even if these constraints are relaxed.
Concurrent with the experiments, the use of numerical simulations allows us to probe kinematic details that are not easily accessed in the imaging setup. To this end, we use the Non Smooth Contact Dynamics (NSCD) method [21, 22, 23] to handle the long lasting interparticle contacts that occur in dense flow. Mimicking the experiments, simulations are performed with monodisperse rigid spherical particles. The laws governing individual particle dynamics are simple and the observed flow patterns result solely from collective motion of the grains. Due to fundamental differences between granular packings in two and three dimensions [24] , 3D simulations are necessary to handle monodispersity without causing crystallization.
With this as background, we describe the experimental setup and numerical simulation method in Sec. 2.
Our main results are presented in Sec. 3. The primary flow features are then described and analyzed; these are quantitatively reproduced by the numerical simulations. In Sec. 4, we discuss the origin and characteristics of the flow patterns and draw comparisons with similar features seen in other experiments, notably in punch indentation of metals. The results and their implications are summarized in Sec. 5.
Methods
In order to quantify effects of structural rearrangements on the kinematic flow pattern in a dense non-cohesive granular medium, model experiments were carried out using plane-strain punch indentation. Corresponding The thickness T p of the punch (in the z-direction)
matched that of the material, confining the punch motion to the xy plane. The tolerance ∆T p in the thick-
thereby ensuring that particles did not get into the gap between the punch wall and the front face of the box.
The origin of coordinates was fixed at the midpoint of the bottom (flat) face of the punch, with the x-axis coinciding with the bottom face, i.e. along the width 2D of the punch -see Fig. 1 (right).
The deforming granular medium was imaged using a high-speed CMOS camera (PCO dimax), with a spatial resolution of 60 µm per pixel. 
Numerical simulation
Discrete Element Method (DEM) simulation of the punch indentation was performed to calculate the 3D kinematic properties of the medium. Several variants of DEM exist, each trading conceptual simplicity for stability and timestep length [23, 25, 26] . The dense granular material used in the experiments consisted of hundreds of thousands of persistent contacts. For this reason, we used the Non-Smooth Contact Dynamics (NSCD) method [21, 22] with the open source solfec code [27] to carry out the simulations.
The generalized coordinates (positions and orientations) and velocities (linear and angular) of all particles are assembled in the vectors q, u. The complete equa-tions for time-iteration can be represented as follows
with the superscripts denoting the values of the variables at timestep t, t + h 2 and t + h, with step size h. Here M is an inertia operator, f is a vector containing all external forces (such as gravity) and Λ is the vector of reaction forces due to contact between particles. H is an operator that translates between the generalized coordinates and local contact coordinates [28, 27] .
The basic idea behind the NSCD scheme is twofold. Firstly, timestepping is done from t to t + h/2, as in Eq. 2.1. Secondly, the coupled rigid-body constraint equations of the form
are solved for Λ. For more details on the implementation, see Ref. [27] .
Dimensions in the simulations were chosen to correspond 1 : 1 with the experimental setup, shown in 
Post-processing
The experimental data consisted of a sequence of highresolution images of the medium flowing past the punch.
The punch velocity v p was kept constant for each experiment, and the images were corrected to keep the punch stationary -see Fig. 1(a) (right) . The grayscale images from the camera were represented by 2D floating point arrays, containing intensity data in the range [0, 1]. Each frame was then processed to obtain the positions of the sphere centers and their displacements between successive frames, as described in Ref. [30] . Since the frame rate was kept constant, velocities were obtained from inter-frame particle displacements over 15 frames. For particle i, the x and y components of the Calculation of incremental strain measures from position and displacement data. The particle center positions and inter-frame displacements are stored (I). The position information (x i , y i ) is used to create a Delaunay triangulation of the entire ensemble (II). The 2D triangulation is converted to a 3D mesh by concatenating the particle's displacement (shown here for u, a similar procedure is used for v) to its coordinates (III). The resulting 3D mesh is used to approximate the x and y gradients of u at each particle location.
In the simulations, the positions (x i , y i , z i ) and velocities (u i , v i , w i ) of all the particles were recorded after every timestep. Deformation measures were then computed as necessary. Renders of particle positions were done using the Open Visualization Tool [31] .
Deformation rate measures
In order to determine various kinematic flow properties, an evaluation of the 2D velocity gradients ∇u ≡ (∂u/∂x, ∂u/∂y) and ∇v ≡ (∂v/∂x, ∂v/∂y) was necessary. For a true continuum, these are usually approximated using finite differences on a uniform grid. However, given the discrete particulate nature of the medium, a true gradient (in the continuum sense) is not welldefined for a disordered grain network. Instead, velocity gradients were approximated as follows (See Fig. 2 , the discussion is for ∇u; the same applies to ∇v).
A 2D
Delaunay traingulation was performed with the obtained particle coordinates (x i , y i ) (Fig. 2, parts (I) and (II)) 2. The triangulation, with the scalar field u i determined a 3D heightfield mesh with vertices at (x i , y i , u i ), corresponding to each tracked particle i. Implicitly, in 3D, this heightfield surface was given by F (x, y) ≡ z − u(x, y) = 0 ( Fig. 2 (III) ).
3. The vertex normals were calculated for each triangle of the 3D heightfield mesh, using methods of standard computational geometry [32] . They were normalized to have unit norm and were of the form (n The velocity gradients ∇u and ∇v at each point i were then used to approximate continuum rate measures for the medium.
The vorticity ω i at each particle location, was calculated as:
The strain rate tensor components were approxi-
From these relations, the 2D strain rate invariant was calculated for each particle i for a particular frame
This provides a measure of the incremental shear strain in the medium.
Accumulated strain
The strain rate tensor and vorticity were calculated from gradients of the instantaneous velocities. However, finite particle displacements during deformation invalidated the small displacement gradient approximation for the strain tensor. Due to temporal averaging used to calculate the particle displacements, integration of the incremental strain rate blurred the details of the strain field. Instead, the accumulated strain in the material was computed as follows (for more details, see Refs. [8, 14] ).
For each particle i, the distance l t ij from its nearest neighbors j was calculated after every timestep t.
The deformation gradient F i for particle i was then determined by minimizing j |l From E, the second shear strain invariant η i (in 3D) was calculated as
and provided a scalar measure of the material shear strain, corresponding to the particle i. It has been shown that η i captures strain due to local structural rearrangements [8, 14] . For the 2D case, E xz = E yz = E zz = 0 in the relation for η i above.
The expressions for˙ S i and η i in terms of components of the strain rate (˙ ab )and strain tensors (E ab ) are identical but their methods of computation are different.
Results
The individual particle trajectories (x i (t), y i (t)), velocities (u i , v i ) and gradients (∇u) i , (∇v) i (in the plane xy 
Particle tracking in plane-strain
Macroscopically, the punch is constrained to move in the xy-plane. However, microscopically, the particles composing the granular material are free to move in all three directions x, y and z. For media such as sand, where the particle size is much smaller than a typical macroscopic length scale, the plane strain assumption suffices to describe the flow field accurately [5] . An analysis of the particle velocities obtained from the simulations was used to verify the applicability of the plane flow approximation in the current experiment. For this purpose, particle velocities v ⊥ (≡ |v z |, see coordinate system in Fig. 1 ), perpendicular to the viewing (xy) plane, are extracted from the NSCD simulations, for parallel planes with normal along the z-axis. 
Rotation field and vorticity
In the coordinate system fixed to the punch, flow separation occurs at the bottom face of the punch. The vorticity ω i (Eq. 2.6) was used to quantify the net rotation of the medium, induced by differential displacements of adjacent particles. ison, an equivalent plot using simulation data is shown in Fig. 5(b) . In this latter case, particles in a narrow region (of width 1.5 particle diameters) were isolated at the center along the z-direction (cf. Figs. 1(b) and
3(a)).
The stagnation zone is marked by dashed lines in The observed rotation field was also well reproduced in the NSCD simulations ( Fig. 5(b) ), including the two vortices on either side of the punch. As a result of interparticle friction, velocities differ substantially from v p only in a region near the punch. This is the cause for the rapid decrease in vorticity along the y-axis, in Fig. 6 . Since the simulation data were extracted in the middle of the container, the vortex lines are parallel to the z-axis and extend throughout the thickness of the sample. Furthermore, it was observed that the vortices (in both experiments and simulations) were sustained even after the angle θ of the dead material zone reached its steady value (cf. Fig. 4(b) ). The vortices hence exist during steady flow -similar observations of vortices have been made in experiments with dry sand [34] .
Shear band formation
It is well known that fine-grained granular media undergo shear as they flow around a punch [5, 35] . Due to local rearrangements of particles, shear strain tends to get concentrated in the form of bands that demarcate regions with a sharp difference in the velocity of adjacent particles.
An estimate of velocity gradients resulting in shear was obtained from the invariant measure˙ S i (Eq. 2.8). The˙ S i field, linearly interpolated between particle locations, along with superimposed particle velocities, is shown in Fig. 7(a) . The two white arrows indicate regions of high shear rate, occuring right below the punch.
These regions are seen to coincide with a sharp gradient in particle velocity magnitude. Moreover, the fluctuations in˙ S i , evident in Fig. 7(a) , reflect local particle rearrangements.
A scatter plot of˙ S i , corresponding to the three layers depicted in Fig. 7(a) , is shown in Fig. 7(b) . In Layer 1, just above the bottom face of the punch (green), large shear strains are observed very close to the sides of the punch. In Layer 2 (red), high values of˙ S i occur below the punch, due to particle rearrangements. Finally, significant shear rates are also seen in Layer 3 (blue). This is in contrast to the vorticity, which decreases rapidly in this layer (cf. Fig. 6 ).
Regions of high velocity gradient occur at nearly constant spatial locations, causing shear strain accumulation in the form of continuously evolving narrow (Fig. 8(a) ). As the material continues to flow, the formation of two distinct shear bands (B) is seen in Fig. 8(b) . The two bands are symmetric with respect to the vertical, and bound the incipient stagnation zone underneath the punch. The ends of these bands coincide with the edges A 1 and A 2 , so that they run upto the bottom face of the punch. With increasing Y , shear strain in these bands further increases (Fig. 8(c) ). This causes additional shear bands to form underneath the stagnation zone, see points C 1 and C 2 in Fig. 8(c) . At this stage, the stagnation zone geometry is near its steady state value (i.e. θ nearly constant).
The total strain in this zone is much lesser than in the material immediately surrounding it, even though small Fig. 8(b) ), marked by the plane AA BB in Fig. 9(a) , are isolated. This plane is chosen to subtend an angle φ = arctan(4/3) with the x-axis. When viewed along the normal to this plane, the constituent particles form a thin rectangular layer, with width AA equal to the thickness of the granular material. The in-plane velocity v || i of each particle i is calculated from the x and y velocities v x , v y as
The velocities v || in the plane AA BB are shown by arrows in Fig. 9(b) , with Y increasing from left to right.
The background color in each of these images is calculated from the strain invariant η for the medium, ob- 
Other structural changes
In addition to the flow features discussed above, dense flow in the punch indentation configuration shows other interesting structural changes. Since these changes cannot be observed directly by 2D imaging, they are extracted from the 3D simulation data. Two such features are highlighted and discussed. final material, as they are filled by particles from the bulk. Therefore, similar to metals, an equivalent cutting mode of deformation also occurs in granular materials.
The height of the material pileup on the sides of the punch is measured from the hypothetical free surface position, shown by a dotted line in Fig. 10 . This is where the free surface would be if the material did not encounter the punch. At x/D = ±4, the two levels nearly coincide, confirming negligible flow against the side walls.
Column buckling and flow
The material immediately underneath the punch is com- (Fig. 4(b) ).
The occurence of a stagnation zone has implications for powder processing of metals and ceramics. In these applications, homogeneous densities are desired. In contrast, in pharmaceutical powder compaction for making tablets, a gradation in density is sought. The stagnation zone inhibits consolidated particle mixing during compression and is undesirable both for uniform and graded densities. Thus, methods to reduce its size must be employed. Our experiments suggest that this may be achieved by reducing the coefficient of friction between individual grains (see Fig. 4(b) ). This will reduce the base angle θ, and hence the extent of the stagnation zone, enabling free mixing.
Classical Mohr-Coulomb plasticity solutions for quasistatic deformation also predict a stagnation zone [5] beneath the punch, just prior to the onset of slip. The base angle of this zone is a function of the internal friction angle ψ, and is 90
• for materials with ψ = 0. While the present experiments and simulations have dealt with particle-level properties (such as the friction coefficient µ), there is as yet no certain way to relate these to continuum-scale material constants like ψ [40] .
Vortex-like circulation centers developed during the course of the flow (Fig. 5) have also been reported in gravity-driven granular flow past obstacles [39] and as 'eddies' in two-dimensional sheared granular materials [41, 42] . This is again a consequence of simple rigid body dynamics and friction, as seen from the NSCD simulations (cf. Shear band formation is common to many granular materials containing different types of grains [35] .
In our system, since the particles themselves were perfectly rigid, plastic strain in the material resulted from large relative motion of neighboring particles. Regions of high velocity gradients also correspond to regions of high shear strain rate -see Fig. 7 . As a consequence, if the kinematic configuration results in large velocity gradients (such as those marked by the arrows in Fig. 7(a) ), the shear strain will tend to get localized in bands. Inside the band themselves, an increase in volume (dilatancy) can be expected and this has been reproduced in the NSCD simulations (Fig. 9) . However, in the present experiments, these bands developed as a consequence of competition between compaction due to the punch and material dilatancy [44] -while compaction of material immediately below the punch increases the local density, the particles themselves prefer to move apart and create free space.
Shear banding is a common cause of failure for Bulk Metallic Glasses (BMGs). The structure of many BMGs has often been approximated by hard sphere media [12, 7, 14] , and the occurence of shear bands has been attributed to excess free volume concentration or the collective formation of STZs [8] . This idea is consistent with the present observations, since existence of local pockets of free volume can result in particle jumps, thereby inducing a large velocity gradient.
The visual similarity between the vertical column underneath the punch (Fig. 11) and a buckled elastic column shows how additional strain is actually accomodated. It is interesting to note that force chains in the medium also show a tendency to buckle [45] and most likely have a role to play in this process. One important distinction, however, is the reversibility in elastic column buckling -the deformation in Fig. 11 is completely irreversible. While further flow in the medium occurs after the bulge formation, this change cannot be reversed, even in the absence of gravity. and confirmed in experiments [20] . Likewise, this flow is reproduced in exact-scale NSCD simulations of the granular medium. As in metals, the shear bands represent regions of high local shear strain and significant velocity jumps (Fig. 8) . The NSCD simulations also show that the formation of new surfaces when the punch penetrates the granular medium (Fig. 10) is very similar to that in metal indentation [36] .
Given this strong similarity between indentation flows in metals and granular media, it is likely that the vortexlike structures observed in the present study also occur with metal indentation. While this is yet to be verified, perhaps, due to lack of adequate observations along indenter walls in metals, it is nevertheless promising that such circulation zones have been captured in sliding metal surfaces [46] .
Conclusions
The in situ imaging and 2D image analysis of punch indentation of a mesoscopic, dense granular medium has allowed flow features to be studied at high resolution. 
